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Abstract. An eight-parametric family of complex connections on a class com- 
plex manifolds with Norden metric is introduced. The form of the curvature 
tensor with respect to each of these connections is obtained. The conformal 
group of the considered connections is studied and some conformal invariants 
are obtained. 
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1. Introduction 

Almost complex manifolds with Norden metric were first studied by A. P. Norden 
[9] and are introduced in [4] as generalized .B-manifolds. A classification of these 
manifolds with respect to the covariant derivative of the almost complex structure 
is obtained in [1] and two equivalent classifications are given in [21 [3] . 

An important problem in the geometry of almost complex manifolds with Norden 
metric is the study of linear connections preserving the almost complex structure 
or preserving both, the structure and the metric. The first ones are called almost 
complex connections, and the second ones are known as natural connections. A 
special type of natural connection is the canonical one. In j2] it is proved that on 
an almost complex manifold with Norden metric there exists a unique canonical 
connection. The canonical connection (called also the B-connection) and its con- 
formal group on a conformal Kahler manifold with Norden metric are studied in 
®. 

In we have obtained a two-parametric family of complex connections on a 
conformal Kahler manifold with Norden metric and have proved that the curvature 
tensors corresponding to these connections coincide with the curvature tensor of 
the canonical connection. 

In the present work we continue our research on complex connections on com- 
plex manifolds with Norden metric by focusing our attention on the class of the 
conformal Kahler manifolds, i.e. manifolds which are conformally equivalent to 
Kaher manifolds with Norden metric. We introduce an eight-parametric family 
of complex connections on such manifolds and consider their curvature properties. 
We also study the conformal group of these connections and obtain some conformal 
invariants. In the last section we give an example of a four-dimensional conformal 
Kahler manifold with Norden metric, on which the considered complex connections 
are flat. 

l 
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2. Preliminaries 

Let (M, J, g) be a 2n-dimensional almost complex manifold with Norden metric, 
i.e. J is an almost complex structure and g is a pseudo-Riemannian metric on M 
such that 

J 2 x = -x, g(Jx,Jy) = -g{x,y) (2.1) 

for all differentiable vector fields x, y on M, i.e. x, y G X(M). 

The associated metric g of g is given by g(x, y) = g(x, Jy) and is a Norden 
metric, too. Both metrics are necessarily neutral, i.e. of signature (n, n). 

If V is the Levi-Civita connection of the metric g, the fundamental tensor field 
F of type (0, 3) on M is defined by 

F(x,y,z)=g((V x J)y,z) (2.2) 

and has the following symmetries 

F(x, y, z) = F(x, z, y) = F{x, Jy, Jz). (2.3) 

Let {ei} (i = 1,2, ... , 2n) be an arbitrary basis of T p M at a point p of M. 
The components of the inverse matrix of g are denoted by g lJ with respect to the 
basis {ei}. The Lie 1-forms and 0* associated with F, and the Lie vector SI, 
corresponding to 0, are defined by, respectively 

0(x)=g ij F(e i ,e j ,x), 0* = o J, 0{x) = g(x, SI). (2.4) 

The Nijenhuis tensor field N for J is given by [7] 

= [Jar,Jy] - [x,y] - J[Ja;,y] - J[a:, Jy]. 

It is known [S] that the almost complex structure is complex if and only if it is 
integrable, i.e. iff N = 0. 

A classification of the almost complex manifolds with Norden metric is intro- 
duced in [1] , where eight classes of these manifolds are characterized according to 
the properties of F. The three basic classes Wj (i = 1, 2, 3) are given by 

• the class Wi: 

F(x, y,z) = i [t/-(a;, y)0(z) + g(x, Jy)0(Jz) 
+g(x,z)0(y)+g(x,Jz)0{Jy)}; 

• the class W2 of the special complex manifolds with Norden metric: 
F(x,y,Jz) + F(y,z,Jx) + F(z,x,Jy) = 0, = & N = 0, = 0; (2.6) 

• the class W3 of the quasi- Kdhler manifolds with Norden metric: 

F(x, y, z) + F(y, z, x) + F(z, x, y) = 0. (2.7) 

The special class Wo of the Kdhler manifolds with Norden metric is characterized 
by the condition F = (V J = 0) and is contained in each one of the other classes. 

Let R be the curvature tensor of V, i.e. R{x, y)z = V x V y z — V y V x z — V^.^jz. 
The corresponding (0,4)-type tensor is defined by R{x, y, z, u) = g (R(x, y)z, u). 

A tensor L of type (0,4) is called a curvature-like tensor if it has the properties 
of R, i.e. 

L(x, y, z, u) = -L(y, x, z, u) = -L(x, y, u, z), 
L(x, y, z, u) + L(y, z, x, u) + L(z, x, y, u) = 0. 



(2.5) 
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The Ricci tensor p{L) and the scalar curvatures t(L) and t*(L) of L are defined 
by: 

p( L )(y, z ) = 9 l3 L(ei, y, z, ej), 
r(L)=g^p(L)(e i ,e j ), r*(L) = g* p{L){e u Jej). 
A curvature-like tensor L is called a Kahler tensor if 



(2.9) 



L[x,y, J z, Ju) = —L{x,y, z,u). (2-10) 

Let S be a tensor of type (0,2). We consider the following tensors [3J: 

ipt(S)(x,y,z,u) = g(y,z)S(x,u) - g(x, z)S(y,u) 
+ g(x,u)S(y,z) - g(y,u)S(x, z), 

ip2(S)(x,y,z,u) = g(y,Jz)S(x,Ju) - g(x, Jz)S(y, Ju) (2.11) 
+ g(%, Ju)S(y,Jz) - g(y, Ju)S(x,Jz), 



7Tl 



h^i(g), k 2 = 5^2(5), = -ipi(g) = ip2(g)- 



2^W! ~ 2' 

The tensor ipi(S) is curvature-like if S is symmetric, and the tensor ip2(S) is 
curvature-like if S is symmetric and hybrid with respect to J, i.e. S(x, Jy) = 
S(y, Jx). In the last case the tensor {ipi —ip2}(S) is Kahlerian. The tensors 7Ti — n2 
and 7T3 are also Kahlerian. 

The usual conformal transformation of the Norden metric g (conformal transfor- 
mation of type I [3]) is defined by 

9 = e 2u g, (2.12) 

where it is a pluriharmonic function, i.e. the 1-form du o J is closed. 

A Wi-manifold with closed 1-forms 6 and 9* (i.e. dd = d9* = 0) is called a 
conformal Kahler manifold with Norden metric. Necessary and sufficient conditions 
for a Wi-manifold to be conformal Kahlerian are: 

{V x 6)y = (V y 6)x, (V x 6)Jy = {V y 8)Jx. (2.13) 

The subclass of these manifolds is denoted by Wf. 

It is proved [5] that a W^-manifold is conformally equivalent to a Kahler manifold 
with Norden metric by the transformation (|2.12[) . 

It is known that on a pseudo-Riemannian manifold M (dim M = In > 4) the 
conformal invariant Weyl tensor has the form 

w ^ = R -^hr)^ ~2^y (2 - 14) 

Let L be a Kahler curvature-like tensor on an almost complex manifold with 
Norden metric (M, J, g), dimM = 2n > 6. Then the Bochner tensor B(L) for L is 
defined by [3]: 

B(L) = L-^{i> 1 -^}(p(L)) 

+ 4(n-l)(n-2) { T ( L ) " + ^ ^ } • 

3. Complex Connections on Wi-manifolds 

Definition 3.1 ([7]). A linear connection V' on an almost complex manifold (M, J) 
is said to be almost complex if V J = 0. 



We introduce an eight-parametric family of complex connections in the following 
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Theorem 3.1. On a Wi-manifold with Norden metric there exists an eight-parametric 
family of complex connections V defined by 

V' x y = V x y + Q{x,y), (3.1) 
where the deformation tensor Q(x,y) is given by 
Q(x,y) = ±{6{Jy)x - g{x,y)jn\ 

+ £ {Xi0(x)y + X 2 9(x)Jy + X 3 9(Jx)y + \ 4 6{Jx)Jy 
+ A 5 [9{y)x - 9{Jy)Jx] + A 6 [9(y)Jx + 6{Jy)x] 
+ A 7 [g(x, y)fl - g(x, Jy)Jfl] + A 8 [g(x, Jy)Q + g(x, y)JSl]} , 
Xi el.i = 1,2,..., 8. 

Proof. By (ED, ([H]) and ((3l2j) we verify that (V' x J)y = V x Jy - JV' x y = 0, and 
hence the connections V are complex for any Ai S M, i = 1, 2, 8. □ 

Let us remark that the two-parametric family of complex connections obtained 
for Ai = A4, A3 = — A2, A5 = A7 = 0, X$ = —Xa = j, is studied in |11) . 

Let T" be the torsion tensor of V, i.e. T'(x,y) = \7 x y — V x y — [x,y]. Taking 
into account that the Levi-Civita connection V is symmetric, we have T'(x, y) = 
Q(x,y) — Q(y,x). Then by p.2j) we obtain 

T'(x, y) = i {(Ax - A 5 ) [9{x)y - 6{y)x] + (A 2 - A 6 ) [6{x)Jy - 9{y)Jx] 

+ (A3 - A 6 - i) [6(Jx)y - 9{Jy)x] + (A 4 + A 5 ) [6{Jx)Jy - 9(Jy)Jx}} . 

(3.3) 

It is easy to verify the following 

eT'(x,y,z)= 6 T'(Jx,Jy,z)= 6 T'(x, y, Jz) = 0, (3.4) 

x,y,z x ,y, z z>y> z 

where & is the cyclic sum by the arguments x,y, z. 

Next, we obtain necessary and sufficient conditions for the complex connections 
V' to be symmetric (i.e. T" = 0). 

Theorem 3.2. The complex connections V defined by H3.1]) and i3.8\) are sym- 
metric on a Wi-manifold with Norden metric if and only if X\ = — A4 = A5, 
A2 = A3 — 5 = Ae- 

Then, by putting Ai = -A 4 = A 5 = fi%, A 2 = A 6 = A3- \ = M2, A 7 = A 8 = /i 4 
in (|3.2[) we obtain a four-parametric family of complex symmetric connections V" 
on a Wi-manifold which are defined by 

V'^y = V x y+± [9(Jx)y + 9(Jy)x - g(x, y)JSl] 

+ i { Ml [9{x)y + 9{y)x - 6{Jx)Jy - 9{Jy)Jx] 

+ fi 2 [9{Jx)y + 9{Jy)x + 9{x)Jy + 9{y)Jx] 

+ [g(x, y)V - g(x, Jy)J&\ + ^ 4 [g(x, Jy)n + g(x, y)Jtt]} . 

The well-known Yano connection H3] on a Wi -manifold is obtained from fl3.5[) 
for = fi 3 = 0, ^4 = -M2 = |- 

Definition 3.2 ([I]). A linear connection V' on an almost complex manifold with 
Norden metric (M,J,g) is said to be natural if V'J — Vg — (or equivalently, 
Vg = Vg = 0). 
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From ()3.ip and f|3 . 2|) we compute the covariant derivatives of g and g with respect 
to the complex connections V as follows 

(V^fl) (V, z ) = ~Q(x, y, z) - Q(x, z, y) 
= -i {2 [X 1 6{x)g(y, z) + \ 2 0(x)g(y, Jz) + X 3 9(Jx)g(y, z) 
+X i 6(Jx)g(y, Jz)} + (A 5 + A 7 ) [6{y)g{x, z) + d{z)g{x, y) 
-0(Jy)g(x, Jz) - 6(Jz)g(x, Jy)\ + (A 6 + A 8 ) [6{y)g(x, Jz) 
+6(z)g(x, Jy) + 6{Jy)g{x, z) + 8(Jz)g(x, y)} } , 
C^'xl)) (V, z ) = ~Q(x, y,Jz)- Q(x,Jz, y). 
Then, by (|3-6[) we get the following 



(3.6) 



Theorem 3.3. The complex connections V' defined by H3.1]) and iS.ty) are natural 
on a Wi-manifold if and only if Ai = A2 = A3 = A4 = 0. A7 = — A5, As = — A6. 



If we put A 8 = — A 6 = s, A7 = — A 5 = t, A,; = 0, % = 1,2,3,4, in (|3.2|l . we obtain 
a two-parametric family of natural connections V" defined by 



Vi"y - V x y + ^ [9(Jy)x - g(x, y)Jtt] + ± {s [g(x, Jy)Q - 8(y)Jx] 
+t [g(x, y)n - g{x, Jy)JQ ~ 6{y)x + 6{Jy)Jx}} . 



(3.7) 



The well-known canonical connection [2] (or B-connection [3]) on a Wi-manifold 
with Norden metric is obtained from (|3 . T[) for s = j, t = 0. 

We give a summery of the obtained results in the following table 



Connection type 


Symbol 


Parameters 


Complex 


V 


A, 6t,i = l,2, ...,8. 


Complex 
symmetric 


V" 


Hi, i = 1,2,3,4, 

fll = Al = — A4 = A5, /i2 = A2 = A6 = A3 — i, 
^3 = A7, ^4 = Ag 


Natural 


V'" 


s, t, 

s = A 8 = — A 6 , t = X 7 = — A5, 
A, =0, i= 1,2,3,4. 



Our next aim is to study the curvature properties of the complex connections V. 
Let us first consider the natural connection V° obtained from (|3.7p for s = t = 0, 
i.e. 

V°y = V x y + -!- [6{Jy)x - g(x, y)Jfl} . (3.8) 
2n 

This connection is a semi-symmetric metric connection, i.e. a connection of the form 
W x y + uj(y)x — g(x, y)U , where w is a 1-form and U is the corresponding vector of w, 
i.e. Ld(x) = g(x,U). Semi-symmetric metric connections are introduced in [S] and 
studied in [BJ [TJ] . The form of the curvature tensor of an arbitrary connection of 
this type is obtained in |14j . The geometry of such connections on almost complex 
manifolds with Norden metric is considered in |10) . 

Let us denote by R° the curvature tensor of V°, i.e. R°(x 7 y)z = V°V"z — 
VyW^z— V? x y -\Z. The corresponding tensor of type (0,4) is defined by R°(x, y, z, u) — 
g(R Q (x,y,)z,u). According to 14 it is valid 
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Proposition 3.1. On a Wi-manifold with closed 1-form 0* the Kdhler curvature 
tensor R of V° defined by 113. <§|) has the form 

R° = R-^-MP), (3-9) 
In 

where 

P(x, y) = (V x 9) Jy + ^0(x)9(y) + ^ 5 (x, y) + ^-g(x, Jy). (3-10) 

Since the Weyl tensor W(ipi(S)) — (where S is a symmetric (0,2)-tensor), from 
(|33|) and (j3~TU)) we conclude that 

W(R°) = W(R). (3.11) 

Thus, the last equality implies 

Proposition 3.2. Let (M,J,g) be a Wi-manifold with closed 1-form 8*, and V° 
be the natural connection defined by LS.8\) . Then, the Weyl tensor is invariant by 
the transformation V — > V . 

Further in this section we study the curvature properties of the complex con- 
nections V defined by (|3.1[) and (|3.2j) . Let us denote by R 1 the curvature tensors 
corresponding to these connections. 

If a linear connection V' and the Levi-Civita connection V are related by an 
equation of the form (|3.1[) . then, because of \7g = 0, their curvature tensors of type 
(0,4) satisfy 

g(R'(x, y)z, u) = R(x, y, z, u) + (V x Q)(y, z, u) - (V y Q){x, z, u) ^ 

+ Q(x, Q(y, z),u)- Q(y, Q(x, z),u), 

where Q(x,y,z) = g(Q(x,y),z). 

Then, by ([STlj) . (pH]) . (j3~9l) . (|3~T0)) . (f3TT2]) we obtain the relation between R' and 
R° as follows 

R'(x,y,z,u) = R°(x,y,z,u) + g(y,z)A 1 (x,u) - g(x, z)A 1 (y,u) 
+g(x, u)A 2 (y, z) - g(y, u)A 2 (x, z) - g(y, Jz)A 1 (x, Ju) 
+g(x 7 Jz)Ai(y, Ju) - g(x, Ju)A 2 (y, Jz) + g(y, Ju)A 2 (x, Jz) 

- X,X 7 -X 6 Xs 0{n) + A T -A 5 +2(A,A s +A 6 A T ) g (J ^ ) j { ^ _ ^ }( ^ ^ ^ ^ 

where 

A 1 (x,y) = % {(V x 0)y + %[9(x)9(y)-9(Jx)9(Jy)}} 

+ £ {(V x 9) Jy + 1=$l[9(x)0(v) - 6(Jx)d(Jy)}} 
+ ^f r y 1 \ 6{x)6{Jy)+d{Jx)e{y)], 

A 2 (x, y) = {(V x 9) y - ^[9{x)9{y) - 9{Jx)0(Jy)}} 

- % { (\7 X 6) Jy+^ [O(x)0(y) - 9{Jx)9{Jy)] } 

We are interested in necessary and sufficient conditions for R' to be a Kahler 
curvature- like tensor, i.e. to satisfy ([278]) and (f2~T0|) . From ([2~TT]) . (|3~T3l> and 



(3.13) 



(3.14) 
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()3.14|) it follows that R' is Kahlerian if and only if Ai(x, y) = A^x^y). Hence we 
obtain 

Theorem 3.4. Let [M,J,g) be a conformal Kahler manifold with Norden metric, 
and V' be the complex connection defined by i3. 1\) and iS.ty) . Then, R' is a Kahler 
curvature-like tensor if and only if A7 = — A5 and As = — Xe- In this case, from 
h3.1\) and A3.2\) we obtain a six-parametric family of complex connections V' whose 
curvature tensors R' have the form 

R' = R° + ± {V>i - <M (Si) + £ tyi - M (S 2 ) 

+ " M (S 3 ) + ^-y^ {7T! - 7T 2 } (3.15) 

where R° is given by K3.9\) , \3.10\) , and 

Si(x,y) = (V x 6)y + %[9(x)8(y)-6(Jx)6(Jy)] - *z$@Lg( x ,y) 
+ ^ 9 (x,Jy), 

S*(x, y) = {V x 6) Jy + l^[e{x)9{y) - 9(Jx)9(Jy)} (3.16) 

+ ^ 9 (x,y)+ ^W g(x > Jy), 
S 3 (x,y) = 9(x)9(Jy) + 9(Jx)9(y). 

From ((3~15l) . (j3TT6| and Theorem IQl we get 

Corollary 3.1. Let (M,J,g) be a conformal Kahler manifold with Norden metric 
and V' be the eight-parametric family of complex connections defined by H3.1\) and 
(EDI. Then R' = R° if and only if Ai = for i = 5, 6, 7, 8. 

Let us remark that by putting A, = for i = 1,2,5,6,7,8 in (|3.2[) we obtain 
a two-parametric family of complex connections whose Kahler curvature tensors 
coincides with R° on a Wi-manifold with closed 1-form 9* . 

Theorem 13.21 and Corollary 13.11 imply 

Corollary 3.2. On a conformal Kahler manifold with Norden metric the Weyl 
tensor is invariant by the transformation of the Levi-Civita connection in any of 
the complex connection V' defined by h3.1\) and \3.'2\) for Ai = 0, i = 5, 6, 7, 8. 

Since for the Bochner tensor of {ipi — ip2}{S) it is valid B ({ipi — ip2}(S)) = 0, 
where S is symmetric and hybrid with respect to J, from Theorem 13.41 and (|2.1ip 
it follows 

B(R') = B(R°). (3.17) 
By this way we proved the truthfulness of the following 

Theorem 3.5. Let (M, J, g) be a conformal Kahler manifold with Norden metric, 
R' be the curvature tensor of V defined by \3. 1\) and \3. 2\) for A7 = — A5, A§ = — A6, 
and R be the curvature tensor of V° given by i3.8\) . Then the Bochner tensor is 
invariant by the transformations V° — > V. 

4. Conformal transformations of complex connections 

In this section we study usual conformal transformations of the complex connec- 
tions V' defined in the previous section. 
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Let (M, J, g) and (M, J, g) be conformally equivalent almost complex manifolds 
with Norden metric by the transformation (|2.12[) . It is known that the Levi-Civita 
connections V and V of g and g, respectively, are related as follows 

= V^y + a(x)y + a(y)x - g(x, y)Q, (4.1) 

where o~(x) = du(x) and O = grader, i.e. cr(x) = g(x,Q). Let 9 be the Lie 1-form 
of (M, J,g). Then by ([2^3]) and (@3J we obtain 

9 = 9 + 2n(aoj), H = e" 2 "(fi + 2nJQ). (4.2) 

It is valid the following 

Lemma 4.1. Let {M, J,g) be an almost complex manifold with Norden metric and 
(M, J,~g) be its conformally equivalent manifold by the transformation (2.12)) . Then, 
the curvature tensors R and R of V and V, respectively, are related as follows 

R^e 2u {R-^(V) -7Ti(7(e)}, (4.3) 

where V(x, y) = (V x a)y — a{x)a{y). 

Let us first study the conformal group of the natural connection V° given by 
(|3.8p . Equalities (|3.8[) and (|4. 1[) imply that its conformal group is defined analyti- 
cally by 

V°y = V° x y + a(x)y. (4.4) 
It is known that if two linear connections are related by an equation of the form 
(|4.4j) . where a is a 1-form, then the curvature tensors of these connections coincide 
iff a is closed. Hence, it is valid 

Theorem 4.1. Let (M,J,g) be a Wi-manifold with closed 1-form 9*. Then the 
curvature tensor R° of V° is conformally invariant, i.e. 

if = e 2 "i?°. (4.5) 

Further in this section let (M, J, g) be a conformal Kahler manifold with Norden 
metric. Then (M, J, ~g) is a Kahler manifold and thus 9 = 0. From (|4.2|) it follows 
a = 2^(0 o J). Then, from ([3T]) and (O we get v' = V and hence r' = R for 

all A, £ 1, i = 1,2,..., 8. In particular, ~R = if. Then, Theorems [331 and (|3~T7l) 
imply 

Theorem 4.2. On a conformal Kahler manifold with Norden metric the Bochner 
curvature tensor of the complex connections V defined by 13. 1\) and i3. 2]) with the 
conditions Xj = — A5 and As = — Xe is conformally invariant by the transformation 

B(r) = e 2u B{R'). (4.6) 

Let us remark that the conformal invariancy of the Bochner tensor of the canon- 
ical connection on a conformal Kahler manifold with Norden metric is proved in 

From Theorem 14.11 and Corollary I3.1l we obtain 

Corollary 4.1. Let (M,J,g) be a conformal Kahler manifold with Norden met- 
ric and V' be a complex connection defined by liS.l]) and li3.2\) . If Xi = for 
i = 5,6,7,8, then the curvature tensor o/V is conformally invariant by the trans- 
formation (2.12)) . 
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5. An Example 

Let G be a real connected four-dimensional Lie group, and q be its corresponding 
Lie algebra. If {ei, e 2 , e 3 , e 4 } is a basis of g, we equip G with a left-invariant almost 
complex structure J by 

Jei=e 3 , Je 2 = e 4 , Je 3 = — e l5 Je 4 = — e 2 . (5.1) 

We also define a left-invariant pseudo-Riemannian metric g on G by 

ff(ei, ei) = g(e 2 , e 2 ) = -ff(e 3 , e 3 ) = -g(e 4 , e 4 ) = 1, 

(5.2) 

g{ei, ej) = 0, i^j, i,j = 1,2,3,4. 

Then, because of (|2.ip , (|5.ip and (|5.2I) . (G, J, g) is an almost complex manifold with 
Norden metric. 

Further, let the Lie algebra g be defined by the following commutator relations 

[ei,e 2 ] = [e 3 ,e 4 ] = 0, 

[ei,e 4 ] = [e 2 ,e 3 ] = A(ei + e 4 ) + /z(e 2 - e 3 ), (5.3) 
[ei,e 3 ] = -[e 2 ,e 4 ] = /i(ei + e 4 ) - A(e 2 - e 3 ), 

where A,/j£R. 

The well-known Koszul's formula for the Levi-Civita connection of g on G, i.e. 
the equality 

2 P(V ei e3,e fc ) = ff([e,-,ej],e fc ) +5([e fc ,e f ],ej) +5([e fc ,ej],ej), (5.4) 

and (|5.2[) imply the following essential non-zero components of the Levi-Civita 
connection: 

V ei ei = V e2 e 2 = ^e 3 + Ae 4 , V 63 e 3 = V e4 e 4 = -Aei + ^e 2 , 

V ei e 3 = /Lt(ei + e 4 ), V ei e 4 = Ae 4 - ^e 3 , (5.5) 

V e2 e 3 = /xei + Ae 4 , V e2 e 4 = A(e 2 - e 3 ). 

Then, by (|2.2[) . (|2.3p and (|5.5|) we compute the following essential non-zero com- 
ponents Fijk = F(ei,ej,ek) of F 1 : 

-Fin = F422 = 2/i, F 222 = — F311 = 2A, 

(5.6) 

F112 = — -F214 = F314 = —F412 = A, F 242 = —Fi\i — F 342 = — F 444 = /i. 

Having in mind (12. 4|) and (|5.6p . the components ^ = 0(e^) and 0* = 0*(ei) of 
the 1-forms and 0*, respectively, are: 

2 = 3 = 6\ = -61 = 4A, 6>i = -0 4 = -0* = -0J = 4/i. (5.7) 

By (|2.4|) and (|5.7p we compute 

fi = 4/i(ei +e 4 ) +4A(e 2 - e 3 ), Jfi = 4A(ei + e 4 ) - 4/i(e 2 - e 3 ), 

0(0) = 0(JQ) = 0. 

By the characteristic condition (|2.5p and equalities (|5.6p , (|5.7p we prove that the 
manifold (G, J, <?) with Lie algebra g defined by (|5.3p belongs to the basic class W\. 
Moreover, by (|5.5p and (|5.7p it follows that the conditions (|2.13p hold and thus 

Proposition 5.1. The manifold (G,J,g) defined by 15.1)) , I5.ty) and i5.3]) is a 

conformal Kahler manifold with Norden metric. 
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According to Q3.8p . f|5 . 2[) . (|5.5p and (|5.7p the components of the natural connec- 
tion V° are given by 





-v° 4ei 


= Me 2 , 


V° 2 e! 


= V° e3 ei 


= Ae 2 , 




-V° 4 e 2 


= -A*ei, 


V° 2 e 2 


= v° 3 e 2 


= — Aei 


v° ie3 = 


-V° 4 e 3 


= ("64, 




= V° 3 e 3 


= Ae 4 , 


v° ie4 = 


-V° 4 e 4 


= -^ e 3, 


V^ 2 e 4 


= V° 4 e 4 


= -Ae 3 



(5.9) 



By ([5T9]) we obtain R° = 0. Then, by ([3J]) and (f3TT0T) the curvature tensor i? of 
(G, J, 5) has the form 

iZ=~Vi(^), A(x,y) = (V x fl)Jtf + iff(x)ff(y). (5.10) 

Moreover, having in mind fl3.16p . (|5 . 5[) . (|5.7p and (|5.8I) . we compute Si = 5 2 = 
S3 = 0. Hence, for the tensors R' of the complex connections V given by (|3.15p . it 
is valid R' = 0. 

Proposition 5.2. The complex connections V defined by 13.1)) and VS. || ) are /i!ai 
on (G, J, 5). 
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